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Abstract. In this paper the authors investigate a power mean 
inequality for a special function which is defined by the complete 
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1. Introduction 



Throughout this paper we let r' = \/\ — r 2 for < r < 1. The well- 
known complete elliptic integrals of the first and second kind [HI [EE] 
are respectively defined by 



1.1' 



and 




J ° yj\-r* sinV 

f, /C(l) = oc, 



g(r) = Jq /2 y/l -r 2 sin 2 9d9, 
1-2) { S f (r)=£(r f ), 

£(0) = f, 8(1) = 1. 

In the sequel, we will use the symbols K and £ for /C(r) and £(r), 
respectively. The complete elliptic integrals play a very important role 
in the study of conformal invariants [7J, quasiconformal mappings [5j 
El [71 [12] and Ramanujan's modular equations [I]. Numerous sharp 
inequalities and elementary approximations for the complete elliptic 
integrals have been proved in [21 El [TJ El EH EH] • 
The special function m(r) is defined as 

m( r ) = -r /2 /C(r)/C'(r), < r < 1. 

7T 

This function is of importance in the research of distortion theory of 
quasiconformal mappings in the plane. Recently, various interesting 
inequalities of m{r) have been obtained by several authors, see [31 El El 
HIS]. 

The power mean is defined for x, y > and real parameter A by 
M A (x, y) = for A ^ 0, and M (x, y) = y/xy. 
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It is well known that M\(x, y) is continuous and increasing with respect 
to A. Many interesting properties of power means are given in [TP] . 
Power mean inequalities for some special functions can be found in 

m mm m nsj. 

In this paper, we shall show a power mean inequality for the special 
function m(r). Our main result is the following theorem: 

1.3. Theorem. Let X be a real number. The inequality 

(1.4) M x (m(x), m{y)) < m{M x {x, y)) 

holds for all x, y G (0, 1) if and only if A < 0. The reverse of \l-4\ ) 
holds for all x,y G (0, 1) if and only if A > C > 0, where C is some 
constant. The sign of equality is valid in \l-4\j if and only if x = y. 



2. Lemmas 

In order to prove our main result we need some lemmas, which we 
present in this section. We establish some properties of certain func- 
tions, which are defined in terms of the complete elliptic integrals of 
the first and second kinds, K and £, respectively. 

Now we list some derivative formulas [7, Appendix E, pp. 474-475]: 

dJC _ £ - r' 2 /C d£ _ £ - K 
dr rr' 2 ' dr r ' 

and 

d . s tt-4£7C 

—m(r) = , 

dr 7rr 

where < r < 1. By the derivative of m(r), it is easy to see that m(r) 
is strictly decreasing from (0, 1) onto (0, oo). 

The following Lemma I2TT1 is from [U Lemma 5.2(2)] and [7J, Theorem 
3.21 (1), (7), and Exercises 3.43 (32)]. 



2.1. Lemma. (1) The function f\(r) = r' 2 JC/£ is decreasing from 

(0,1) onto (0,1). 

(2) The function fc(r) = {£ — r' 2 K.)/r 2 is strictly increasing and 
convex from (0,1) onto (jr/4,1). 

(3) For each c G [1/2, oo), the function fs(r) = r' c JC is decreasing 
from [0, 1) onto (0,tt/2]. 

(4) The function f^ij) = r~ 2 (/C — £)/fC is increasing and convex 
from (0,1) onto (1/2,1). 

2.2. Lemma. For < r < 1, let 

_ 1C1C\££' + r 2 1C1C' -1C£') 
gij ' ~ {AS'K - ti) 2 ' 

Then g(r) > for all r G (0, 1), and g(0 + ) = g(l~) = . 
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Proof. By the formula (II. 2p and the parts (1) and (2) of Lemma [2.11 
we have 



KXJ 



£ 



> 0, 



and hence g(r) > for all r G (0, 1). 
By Lemma [2.11 (3) and (4), we get 

KX!{££' + r ,2 KX' - K!£) 



lim g(r) = lim 

r— »0+ r— >1— 

lim 

r=>l- (4£/C' - 7T) 2 



(4£/C' - tt) 2 

r , 2 ^' 2 K)(/c'£) 



AT' — £' 
(r'/C) 2 /C' '~' 2 



0, 



and 



/C' 



lim q(r) = lim T< „ 

r^l- yy > r-H- (4£'-7r//C) 2 



££' 

1c 



+ r 2 /C' - £' 



0. 



□ 



2.3. Lemma. Let X be a real number. The function 

A£'K — Ti ( m(r 



h(r) 

m\r) \ r 
is strictly increasing on (0, 1) if and only if X < 0. 
Proof. By logarithmic differentiation, 



h'{r) 
~h(r) 



e'-K.' 



-4) +£ — 

r' ) rr 



l£-r' 2 K 

12 



tt - A£'K 



4£'/C - ti 

A£'K, - tt 1 

— + - 

r 



+ A 



Trrmir 



ti - AS'tC 1 

Tirm(r) r 



(2.4) 



Tirmyr) 
1 



x 



1 + 



■Km{r) 
4£'K,-tt 



1 



KK,'(££' + r 2 10C - JC£') 



(4£'/C 



TT 



A 



which is positive for all r G (0, 1) if and only if A < by Lemma [2.2[ 
since m(r)/(4£')C — tt) is clearly decreasing from (0, 1) onto (0, oo). □ 



2.5. Remark. Let 

H(r) 



1 + 



Trm(r) 



1 + 



KK,'{££' + r 2 KlC' -K,£') 
' {AS'K - tt) 2 



/orr G (0,1) andH(0) = 0, H(l) = 1. Then H is continuous on [0,1]. 
Hence there exists ro G (0, 1] such that H obtains its maximum C at 
tq. Thus it is easy to conclude from \2.J$ that h is strictly decreasing 
on (0, 1) if and only if X > C . 



2.6. Open problem. What is the exact expression for C ? 
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3. Proof of the main result 

We are now in a position to prove the main result. 

Proof of Theorem \1.3[ We first prove the inequality f ll.4p for A 7^ 0. 
We may assume that x < y. Define 

Let t = M x {x,y), then ^ = |(f) A_1 - If x < y, we have that t > x . 
By differentiation, 

dF _ A m(t)A _ l 7 r - 4£'{t)K(t) /x\™ A^^tt - A£'{x)K.{x) 



dx 2 nt V t J 2 TTX 

Xx x - X \a£'{x)K{x) - 71 fm{x) \ X 4£'{t)K(t) - vr ( m{t) x A " 



2tt 



m(x) \ x J m(t) 



which is positive if and only if A < by Lemma 12.31 Hence F(x,y) 
is strictly increasing with respect to x and F(x,y) < F(y,y) = 0. We 
now obtain the inequality 

m(M x (x,y)) < , 

that is m (M A (x, ?/)) > M\ (m(x), m(y)) if and only if A < 0, with the 
equality if and only if x — y. 

Similarly, by the statement in Remark l2.5l one can see that the reverse 
of flHD holds for all x, y G (0, 1) if and only if A > C > 0, C is the 
same as Remark 12.51 with the equality if and only if x = y. 

Now we prove the inequality (11.41) for A = 0. We may assume that 
x < y. Define 

G(x y) = m(V ^ )2 
m{x)m{y) 

Let t = y/xy, then J| = ~. If x < y, we have that t > x . By 
logarithmic differentiation, we have 

1 dG 1 71- 4£'(t)/C(t) t 1 7T - 4£'(x)lC(x) 



G(x,y) dx m{t) nt x m(x) ttx 

1 /4£'(z)/C(x) - vr 4£'(t))C(t) - 7T 



7rx \ m(x) m(t) 

which is negative. Hence G(x,y) is strictly decreasing with respect to 
x and G(x,y) > G(y,y) = 1. We now obtain the inequality 



m(y/xy) > a/ m(x)m(y), 



that is m (M (x,y)) > M (m(x),m(y)), with the equality if and only 
if x = y. This completes the proof. □ 

The following corollary is clear. 
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3.1. Corollary. The function m{r) is concave on (0, 1) with respect to 
power mean of order A if and only if A < ; and convex on (0,1) with 
respect to power mean of order A if and only if \>C . 
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